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Abstract. A generalization of the affine-geometric Wirtinger inequality for 
curves to hypersurfaces is given. 



1. Introduction 

Suppose that M belongs to the set of smooth, strictly convex bodies in R™ . Let 
X : dM —> R™ be a smooth embedding of (dM,g), the boundary of M, with the 
induced Riemannian metric g. The affine normal vector is a vector field £ transverse 
to dM and invariant under volume-preserving affine transformations of R n . The 
support function and the second fundamental form of dM arc defined, respectively, 

by 

s{z) := //,, V;,, • 9ij s, 

for each z € S n_1 , where g^ is the standard metric on S™^ 1 and V is the Levi-Civita 
connection induced by g. Here v is the inward unit normal, thus — v : dM — > § n_1 
defines the Gauss map. We denote the Gauss curvature of dM by K, and remark 
that, as a function on the unit sphere, is related to the support function of the 



convex body by 



1 , . ~ 9 , det ha 

F = det (V?,,.s + ffy«) := -r— 



We need to recall also a few definitions from affine differential geometry, for an 
excellent and detailed exposition we point to the reference [S] . The affine metric of 
dM is defined by g^ := A;1 /' ( ^ +1) . We denote its induced Levi-Civita connection by 
V and the induced volume measure by dfi := \f§ij dx l ■■■dx n ~ 1 , in a local coordinate 
chart (xi, x„_i). We also denote the affine curvature of dM by Ay, where 
is the second fundamental form of the affine metric with respect to V. The trace 
of Aij with respect to g~ij, denoted by H, is called the affine mean curvature. In 
[2], Andrews proved the following inequality, called the affine-geometric Wirtinger 
inequality, for smooth, strictly convex curves 7 embedded in IR 2 : 



Ffds, 



where F : 7 — > R is any smooth function along the curve, s is the affine arc-length 
of 7, 77 is its affine curvature, and Area(7) is the area of the planar region enclosed 
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by 7. 

This inequality can be generalized to smooth, strictly convex hypersurfaces in R n : 



for any smooth function F : dM — > WL. Characterization of the equality case 
is also given. Affine-geometric Wirtinger inequality is essentially a translation of 
Minkowski's mixed volume to the language of afhne differential geometry. This will 
be made explicit in the next section. 

For simplicity, we added the relevance of this inequality in affine geometric flows 
and in the L_2 Minkowski's problem in the concluding remark at the end of the 
paper. 

2. Main results 

Theorem 2.1. Suppose that f is a smooth function defined on (8A4,g). Then the 
following inequality holds 



where is the inverse of the second fundamental form hij. 

Proof. This is a convenient identity which can be derived in several ways. We 
present here a proof of this identity based on a geometric flow. This approach 
gives an interesting geometric interpretation of this identity: The identity is the 
result of computing the instantaneous rate of change of the Gauss curvature under 
an arbitrary variation, where in the affine setting the computation depends on the 
component of the variation in the direction of the affine normal vector, and in the 
Gauss map parametrization it depends on the component of the variation in the 
direction of the Euclidean normal vector. 

Without loss of generality, we can assume that / is a positive function. We 
define F := K1 /{ n+1) ■ Suppose that we evolve dM by the following weighted affine 
normal flow 



Short time existence of the flow follows from the standard theory of parabolic 
equations and this is solely what we will need. 

Lemma 2.2. Define v to be the inward unit normal to (dA4,g). The following 
evolution equations hold for as long as the weighted affine normal flow exists. 
(1) In the Euclidean parametrization (£), we have 




(2.1) 




d t X{z,t) = Fi(z,t). 



d t v=-K}l { - n+ ^g ij d i FX. d , 



(2) 



and 



(3) 



d t K = K.AF + KHF + (VF, VJC)- g . 
In the Gauss parametrization (Q), we have 

dts = -f, 



(4) 



and 
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The proof of the this lemma is entirely calculatory and we include it in the 
appendix. 

Lemma 2.3. Let e > be a small number. Suppose that Q : dM n x [0,e) — > K 
and Q : S™ -1 x [0,e) — > M are smooth functions related by the following equation 

Q(-is(x,t),t) = Q(x,t). 

Then the evolution equations of Q and Q along the flow are related by 

d t Q = d t Q + g ij d j Qd i F. 

Proof. Recall that d m v — —h mp g pl X.j and g ira g^ n h mn = K L K 

d t Q = d t Q-{VQ,d t v) 

= d t Q-{-d k Qg km d m v,d t v) 

= d t Q + (d k Qg km d m v, -K}^ n+ ^g^diFX. d ) 

= d t Q - d k QB i Fg hm g i *lC 1 /W>{a m v,X. d ) 

= d t Q + d k QdiFg km g»K}^ n+1 \h mp g^X^X^) 

= OtQ + dkQd^l^g^g^h^g^ 

= d t Q + duQdiFK^^g^g^hmj 

= d t Q + d k Qd t FIC 1/in+1) h kl 

= d t Q + g ij d j Qd i F. 

□ 

To finish the proof of Theorem 12.11 we note that by the previous lemmas we 
have the following relation between the evolution equation of K, in the Euclidean 
parametrization and in the Gauss parametrization: 

{dtK) e = {dtK) g + {VF,VK)g. 

□ 

Define A[f] := Vy/ + cjijf, for any smooth function / on §" _1 . The mixed 
curvature function of n — 1 convex bodies K%, K2, • • • , K n -\ with smooth support 
functions s\, s%, ■ ■ ■ , s n -i, denoted by Q[si, S2, • • • , Sn-i], is defined as follows 

Qi'u • • ■ . ^ : = j^-, e (-i) s ^ +s ^m A [si f T {i] . . . Ais^rXzl]. 

1 <T,rGP„_ 1 

Here P n -i is the group of permutations onn-1 objects. Let K be a convex body 
with smooth support function s. The mixed volume of K, K\, • • • , K n _i, denoted 
by V[K, K\, ■ ■ ■ , K n -i] is defined as follows 

V[K,Ki, ■ ■ ■ ,K n -i] = J sQ[si,s 2 , ■ ■ ■ , s n -i]dfi§n-i . 
s »-i 

Alternatively, we will write V[s, si, • • • , s n _i] instead of V[K, K\, ■ • ■ , K n -i]. By 
Minkowski's mixed volume inequality, we have 

V[s,h,8i,--- ,s„_ 2 ] 2 



V[h,h,si,--- ,s„_2] < 



V[s,s,si, ■ ■ ■ , s n _ 2 ] 
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for any smooth function h on § n_1 . Equality holds if and only if h = cs + d for 
some constants c,rfel. For more on the mixed curvature function, mixed volumes 
of convex bodies and the Minkowski inequality, we refer the reader to [5] • 

Remark 2.4. Fix s\, ■ • • , s n -2, then Q[f] ■= Q[f, si, • • • , s n -2\ is a nondegenerate 
second-order linear elliptic operator on smooth functions on S n_1 , expressed in local 
coordinates in the following form: 



O f y,('r j (^jf ■ n.jf 



where Q is a positive definite matrix at each point of § n_1 which depends only on 
the functions s±, ■ ■ ■ , s n -2- 

Lemma 2.5. Let M. be a smooth convex body with support function s. Then, for 
any smooth function f : dM — > K, we have 

Q[f, ^_s —— (vy + g l3 f) . 
n-2 times 

Proof. By the definition of mixed curvature, we have 

Q[f,s,--,s] := — £ (-i) ssn(CT)+sgnW ^[/] T 1^W^j --mt-iy 

1 cr,reP„-l 

Now the claim can be easily verified by choosing appropriate coordinate patches in 
which hij is a diagonal matrix. □ 

We are now ready to prove the affine-geometric Wirtinger inequality on smooth 
strictly convex hypersurfaces in R n . 

Theorem 2.6. (The affine-geometric Wirtinger inequality) Suppose that F : 8A4 — > 
K is a smooth function on M. , an arbitrary smooth strictly convex hypersurface in 
R n . Then 



>2 

|2 



dM 

Furthermore, with the earlier notations, equality holds if and only if F = 'j^Y/Jn+T) ( cs + 
d) for some constants c,rfel. 

Proof. Define / := F/C 1 ^" 4 " 1 ', hence using Lemma \2. 5 1 and Theorem 12. 1[ we have 
V [/,/,s,--- ,s] = I fQ[f,s,--- ,s]d/i§n-i 



/ fci/l+i) Q[/' 5 --- - 
i 

I [ f ( - f } \ 

~ J £l/(«+l) (^ A £l/(«+l) + fcl/in+1) 11 ) d V 

vf\ 2 + f 2 h) dp,. 



dM 



n - 1 

dM 
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We used integration by parts on the last line. Finally, by Minkowski's mixed volume 
inequality, and the identities 

V[f,s,--- ,s]= J Fdfi and V[s, s, ■ ■ ■ , s] = riVol(M), 

dM 

we obtain the desired inequality (|2.2I) . The equality condition of our theorem comes 
from the equality condition of Minkowski's mixed volume inequality. □ 

Remark 2.7. We would like to state few remarks on the importance of the affinc- 
geometric Wirtinger inequality. 

(1) Using affine Wirtinger inequality one can prove that p- affine isoperimet- 

ric ratio, — , is increasing along the p-centro afhnc 

Vol~ 



normal flow 



starting the flow from any smooth, origin symmetric convex hypersurface 
in R n . This flow is first introduced by Stancu |10j for the purpose of finding 
new affine invariant quantities in centro-affine convex geometry. The long 
time behavior of the flow in R 2 was studied in [6] . Using monotonicity of 
p-affinc isopcrimetric ratio, it was shown that this flow evolves any smooth, 
origin symmetric convex curve to an ellipsoid in Banach Mazur distance. 
The long time behavior of p-centro affine normal flows remains open in 
higher dimensions. 

(2) By means of affine Wirtinger inequality one can prove that the weighted 

p-affine isoperimetric ratio, , is increasing along 

Vol n +» 

the weighted p-centro affine normal flow 

starting the flow from any smooth, origin symmetric convex hypersurface 
in W 1 . Here $ is an even, positive smooth function on § n_1 . Note that in 
general the solution to the normalized weighted p-centro affine normal flow 
is not convergent as must satisfy some obstructions. For example in M 2 
it was proved in [7] that ^ must have at least eight critical points. Using 
this flow it was shown therein that for any given even smooth positive func- 
tion on S 1 there is a smooth, origin symmetric convex curve with support 
function s that almost solves 

S 3 (sgg + s) = 

More precisely, given an e > there is a smooth, origin symmetric convex 
curve 7 such that 

||s 3 (see + s)-*|| <£• 
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Let V denotes the standard Levi-Civita connection of S n . Finding neces- 
sary and sufficient condition on € C°°(S™ _1 ) to guarantee the existence 
of a convex body with support function s that solves 

s" +1 dct (V|+%s) =* 

is an important problem in centro-affine differential geometry, known as the 
L_„ Minkowski problem. See [TJ [31 HI El E] for several important results 
related to this problem. 
(3) It was pointed out to me by Ben Andrews that it may be possible to ex- 
tract an inequality for the affine mean curvature from the affinc Wirtinger 
inequality which is similar to Michael-Simon Sobolev inequality for the 
mean curvature, a core tool in minimal surface theory. 



3. Appendix 
We need the following structure equations 

(1) £ = -h kl diK} /{n+1) X. ik + K 1/{n+1) v, 

(2) & = -A\X.. k , 

(3) dfjX — cjij + CfjX^f., where is the cubic form with zero traces. [5]. 
To prove Lemma 12. 21 we will use the structure equations without specific mention. 

Proof. We start by proving (1) and (2). 

dtX.,i = di(F£) = &F + Fd£ = tfiF - FA k X., k . 

d t is = (d t v,X. !i )g i iX. tj 
= -{v,d t Xjg»X.j 
= -(v,Zd i F-FA k X. !k )g ij X., j 
= -{v,09 ij diFX. d 
= -K 1/{n+1) g rj d l FX., r 

<>>'.!, j = d t {X, ti ,X.j) 

= (d? i X,X. J ) + (X. >i ,d? j X) 

= (mF - FA k X. >k ,X. tj ) + (X.^djF - FA k X.. k ) 

= -FA k i9jk - FA k g lk - hPgudiKV^+VdiF - h^g^JC^+^djF. 

dtdetgij = (det gij)g lj dtgij 

= (-2HF det gij - 2g ij d l \nK} /{n+1) d j F^ det 5ij 

= (-2HFdetg i:j - 2(V ln/C 1/(n+1) , VF)g\ det gij . 
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For the next computation are the Christoffcl symbols related to the affine metric 
9ij- 



d t h ij = d t (df j x,u) 

= {% iJ X,u) + {% J X,d t v) 

= (^-(FO, v) + (BfjX, -K}/^g kl d k FX.^) 

= (£,dfjF + Fdfc + diFd£ + djFdit, v) + {%.X, -K, 1 '^ g kl d k FX.j) 

= ((dfjF - T%d k F)i + TfcdkF, v) + (dfjX - Y%X.. k + TtjX.t, -IC^+VgUdkFX.j) 

+ {Fd^,u) 

= K}'^%F + (g tJ £ + C%X.^ -K}'^g ml d m FXj) + (Fdfc, v) 

= IC 1/(n+1) %F + 5 4J /C 1/(n+1) ^ fei a fe Fa / /C 1/( " +1) - /C 1/( " +1) C™9„F + (Fdfjt, v) 

= IC 1/(n+1) %F + g iJ K 1 K n+ Vh kl d k Fd l lC 1 K n+1) - K 1/{n+1) C™d n F + {Fdi(-A*X. tk ),v) 

= IC 1/{n+1) %F + 3 4J /C 1/(n+1) /i fe/ a fe Fa / /C 1/(n+1) - /C 1/(n+1) C"<9 n F - (FA k df k X, v) 

= IC 1/{n+1) %F + g lJ IC 1/in+1) h kl d k FdilC 1/{n+1) - /C 1/(n+1) C™9„F - FA k h ik . 

d t det hi j — (Aethij)^ d t hij 



= 2Fff/C + 2(Vln/C 1/(n+1) ,VF) § /C + /CAF+ (n - l)/C(Vln/C 1/( " +1) , VF) g - FHK. 
= JCAF + JCFH + {VIC, VF)- g . 



d t s(z) = d t (z,X((-v)-\z),t)) 

= (z,VX.d t {-v)- x +d t X) 

= (-",F0 
= -/• 



(AF + {n- l)(Vln/C 1/(n+1) , VF)g - FH) det h ir 




Now we proceed to prove (3) and (4). 




A7<'-' (V;J • g,j) . 
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□ 
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